SOME PROBLEMS CONCERNING KUMMER’S
CONGRUENCES FOR THE EULER NUMBERS
AND POLYNOMIALS

BY
L. CARLITZ AND JACK LEVINE

1. Introduction. The Euler polynomial E,(a) of degree m may be defined
as the unique polynomial solution of the equation

(1.1) En(a + 1) + En(a) = 2a™
In particular, we have in the notation of Nérlund [3, Chapter 2]
(1.2 Cn = 2"E»(0), E. = 2"E.(1/2).

Let » be an odd prime, ¢ and ¢ fixed rational numbers that are integral
(mod p); moreover ¢£0 (mod p). Put

(1.3) m = c"En(a).

Then it is well known that the rational numbers e, satisfy Kummer’'s con-
gruence [2, Chapter 14]

i 7

(1.4 3 (=07 ( 7 ) emarn = 0 (mod (47, £,
8==0

where (p™, p7) denotes the greatest common divisor. Indeed more generally

we have

(1.5) )3 (-1)3( )em+.w = 0 (mod (37, p™),

r
8=0 S

provided p"“(p-—l)]w. In particular the congruences (1.4) and (1.5) hold
for the numbers C,, E, defined by (1.2).

It is natural to ask whether (1.4) is “best possible” in the following sense.
To begin with, for r=1, what is the least positive integer x such that

(1.6) emin = €m (mod p)
for all m =1? Secondly what is the least positive integer u such that

(1.7) > (—1)*( ) = 0 (mod (", "))

r
=0 N
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for all m and fixed »? What is the least positive ¢ such that

(1.8) > <-1>‘( )e".+.<H> = 0 (mod (p™, 7))

¢
s=0 S

for all m and fixed r? Similarly for (1.5) we seek (i) the least positive u such
that

(1.9) emiu = em (mod (p™, p*))
for all m and fixed &; (ii) the least positive u such that

r r
(110) Z (_1)'( s)em+w = 0 (mOd (Pm) Prk))
=0
for all m, r and fixed k; (iii) the least positive ¢ such that
d 14
(1.11) > (—1)‘< s)em+:w = 0 (mod (p™, p™))
3=0

for all m and fixed 7, k, where w=p*"1(p—1).

We shall show that for (1.6) and (1.7) u=p—1; for (1.8) we show that
t=r provided 272 (mod p?) and p22r*+1. For (1.9) and (1.10) we show
that u=p*1(p—1) provided p>3; for (1.11) we show that t=r provided
272 (mod p?) and p=2r2+1. It is then clear what is meant by saying that
(1.4) is best possible; similarly for (1.5) with w=p*"1(p—1). While (1.6),
(1.7), (1.8) are special cases of (1.9), (1.10), (1.11), respectively, it is con-
venient to treat separately the indicated cases.

We observe that in certain of the results enumerated above, the case of
small p is left open. A special discussion of (4.3) below when p =3 suggests
that some of the general results may indeed require modification for small
values of p.

It should be observed that if m in (1.4) or (1.5) is restricted to an arith-
metic progression, then the theorems of this paper no longer apply. For a
special result of this nature see Theorem 9 below.

2. In order to show that u in (1.6) is equal to p —1 we require the follow-
ing preliminary result. Put

(2.1) Dy = |ewin|  Gi=01,-,p=2),
a determinant of order p —1. We shall show that
(2.2) D, = # 1 (mod p).

Making use of the fact that
emip—1 = m (mod p)

for m =1, it is easily verified that D, = #C, (mod p), where C, is the follow-
ing circulant of order p—1:
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€1 €2 €3 ° ° * €p-1

€p—1 €1 €2 €p—2
Cp, =

€2 €3 €y * €1 ‘

Now the familiar formula for the factorization of a circulant suggests the
following analog:

p—1 p—1
(2.3) C, = [1 2 rte, (mod p).
r=1 s=1
Indeed, if (a,—) (r, s=1, ..., p—1) is an arbitrary circulant matrix of

order p—1, then
(r* ) (er-s-1)(s') = (brs),

where
p—1 p—1 p—2 p—1 p—2 p—2
bre = 2 Z rivlg stk = D ) pitklgglk = Z ria; Y, (rs™)* (mod p).
el k=1 =0 kel i=0 k=0

Since the inner sum=0 (mod p) unless r=s (mod p), we get

p—2
bt 5" E r‘a;.

=0

bre

Also

(r) () = (’Ef"lﬂ"’) = (—3u).

=1

Hence (2.3) follows at once.
In the next place, since

L)
E.(a + x) = Z( )x"“’E.(a),
e §
we have
p—1
E,1(a — x) = Y x»"'—*E,(a) (mod P).
8=0
Replacing x by -1, this becomes

1 p—1 —1
(2.4) E, (a — —) =147 r¢E(a) =147 PE r*l¢, (mod p).

cr

8=1 g=1

Now it follows from (1.1) that
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n 1
2.5) S (=1)st = — DB+ 1) + % Ex(0).

8=1

For k=p—1, (2.5) becomes (since E,_;(0) =0)

d 1
2 (=)= Y (=D"Eps(n + 1) (mod p) 0=n<p).

=1

Since
n 4yt (n odd),
,‘E (== { 0 (n even),
we get
_ 2 (m even),
(2.6) Epi(m) = 0 (modd) 1 =m<=p).

Retuming to (2.4), we define m by means of
1
m=a— — (mod p) (1 =m=p).
cr

Then, using (2.6), it is clear that

—1
r Y, rle, = 51 (mod p) A=srsp—-1).
=1
This yields
r—1 p—1
1 X r—te, = # 1 (mod p).
re=] g==1

Substituting in (2.3), we get (2.2).
3. We now prove

THEOREM 1. Assume that the numbers e, defined by (1.3) satisfy the con-
gruence

3.1 emik + Clmpr—1 + + + + + cem = 0 (mod p),
for all m=1, where i, - - - , ¢k are integral (mod p) and independent of m. Then
kzp—1.

If we assume k<p—1, it follows from (3.1) that D,=0 (mod p). Since
this contradicts (2.2), the theorem is proved.
As an immediate corollary of Theorem 1 we have

THEOREM 2. The least positive integer u such that

emiu = €m (mod p)
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forallm=1, s p=p—1.
Turning next to the congruence
r r
(3.2) > (=1 J ) emin = 0 (mod (p™, p7)
3=0
for all m and fixed r, we assume that u is the smallest positive integer for
which (3.2) holds. It follows that

(3.3) > (—D’(i)emw = 0 (mod $)

for all m=1.

The polynomials (1 —x#)" and 1—x?~! have a greatest common divisor
(mod p) of the form 1—x¢, where dip—l. Thus there exist polynomials
A(x), B(x) with integral coefficients such that

(1 —a9)"4(x) + (1 — 2#"Y)B(x) = 1 — x¢ (mod p).
Consequently we get (symbolically)
em(1 — e*)"A(e) + em(1 — e»Y)B(e) = e™(1 — &%) (mod p).
Using (3.3) and (1.4) this reduces to
emtd = em (mod p)
for all m=1. In view of Theorem 2, d=p—1. Then
(1 — 27| (1 = )7 (mod p),

which implies u=p —1. This completes the proof of

THEOREM 3. The least positive integer u such that
(3.9 52 (=127 ) emtur = 0 (mod (3, )
for all m and fixed r is p=p—1.

4. We consider next the congruence
@.1) 3 (=1 (! ) emsnom = 0 (mod (5%, )
and seek the least positive integer ¢ such that (4.1) holds for all m and fixed 7.
Clearly 1=<¢t<r; also if (4.1) holds for a certain ¢ it will hold for all larger ¢.
Hence it will suffice to show that

¢
S

4.2) > (-1)~( )em+.<,,_1> = 0 (mod (pm, p*1)
am0
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for all m and any fixed t=1 is impossible.

We first examine the case t=1, namely the congruence
(4.3) Cmip—1 = €m (mod p?) (m = 2).

Since, for all m, E,(a+p)=E.(a) + mpE.._1(a) (mod p?), it follows from (1.3)
and (4.3) that

(4.4) " 'Emyp-1(a + p) — En(a + p) = — pEn_s(a) (mod p?)
for m=2. Also (compare (2.5))

(e + p) + Ea) = 2 X (—=1)°(a + o),

s=0

so that
{c" Epypi(a — p) — En(a + p)} + {71 Emypi(a) — En(a)}

=2 pi (—1)(a + s)"'{ (@ + s)rler=t — 1§.

8m=0

Then, using (4.3) and (4.4), this reduces to

(4.5) 23 (1) + 9@+ it — 1} = = pEn_s(@) (mod 7,

s=0

for all m=2. It is convenient to replace m by m+1, so that (4.5) becomes

p—1
4.6) 22 (=1*(a+ )" {(a+ )77t — 1} = — pEn(a) (mod p?)

am=()
valid for all m=1. We now multiply both sides of (4.6) by (a+37)?~'—™, where
1=sm=p—1and 0=Zj=<p—1; the value j=j, such that p|a+j is omitted.
Since

p=1 N n_ -t (mod p) (7 =9),
Z@=—prets “{ 0 (mod $) G ),

we get

(@.7) 2=Die+{(e+ it = 1] = p T (2 + ) "En(@) (mod )

m=1

for all j#£j, such that 0<j<p—1.
In the next place, since

Epi(o — %) = pf xr~1="Eyn(a) (mod p),

me=0

it is clear that
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S (@4 )P En@) = Epos(—i) — (@ + )7t = Eps(p — j) — 1
= = (—1)"! (mod p),

where at the last step we have used (2.6). Consequently (4.7) becomes
1
(4.8) (@+7)rer — (@ +j)e= — 5 e (mod 2%

for all j#jo, 0=j=p—1.
If we sum (4.8) over j we get

p—1 p—1

2 @+ = (@ +jore — X (@ + e + (@ + joe

4.9 )
= — 0 (p — e (mod p?).

If B,(x) is the Bernoulli polynomial of degree n, we have

= Byii(a + p) — Bpya(a)

E (@ +5)r = >+ 1 = pB,(a) (mod p?),
(P _ =/(? _
By(a) = >, ] Bar—* =ar+ Y S B,a** + pB, ¢ + B,
=0 g=1
= g¢? — ¢ (mod p),
since by the Staudt-Clausen theorem
pByo1 = — 1 (mod p).
Thus
p—1
2 (a+7)7 =0 (mod p?)
Jj=0

and (4.9) reduces to

1 1
—pac — 5 p(p — e+ (a+joec= — Py p(p — 1)c (mod p?),

which simplifies to
(4.10) a + jo = pa (mod p?).

If jo#0 or p—1, allowable values for j in (4.8) are jo#1. For j=j,+1,
(4.8) becomes

1
P —Cc= (a - -2—) pC (mod Pz),
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while for j=j,—1 we get
1
P—c= — <a - 7)?6 (mod p?).

Consequently a= (mod $)/2; by (4.10) this implies

1
(4.11) = > (mod p?) (jo= 0, p — 1).
Also (4.10) yields
(4.12) a =0 (mod p? (Jo = 0),
(4.13) a =1 (mod p? (Jo=p —1).

When (4.11) holds we have
¢® = ¢ (mod p?%),
so that (4.8) reduces to
(4.14) <-1— +j>p - (i + j) = - —1—? (mod p?).
2 2 2
Put j=(p—1)/2+k, so that (4.14) becomes

1
(4.15) E» — k=0 (mod p? (k= 1,~~~,-2-(,>—1)>.

Now Brauer [1] has proved that for p=5, the smallest primitive root
g (mod p?) is less than p. If this least primitive root <p/2, then (4.15) is
clearly impossible; if g>$/2, then p—g<p/2 and belongs to an exponent
(mod p?) that is a multiple of p, so that again (4.15) is contradicted.

In the next place, when (4.12) holds, (4.8) becomes

1
(4.16) PP — jo = — >y pc (mod p?).

Let
]P—=-J+pm,(modp2) (]=1,1P"1)

Since (4.16) with j=1 gives
1
P =c— ? pc (mod p?),

we have

1
jre? = jec + pom; — B pej (mod p?).
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Comparing this with (4.16) we get

1 .
(4.17) m= (7 — 1) (mod p),
so that
1
(4.18) J"’Ej+—2—z>(j—1> (mod p?) G=1---,p— 1.

It is easy to see that (4.18) is impossible for p =5. Indeed for j=2 we have
1
2 = 2+—2—p (mod p?)

and therefore
47 = 4 4 2p (mod p?).
On the other hand, for j=4, (4.18) is

3
=4+ p (mod 7).

In the third place since E,(1) = —E,.(0) for m=1, it is clear that (4.13)
and (4.12) are equivalent cases. We have therefore proved the impossibility
of (4.3) for all p=5. We may state

THEOREM 4 (p>3). The congruence
(4.19) emip—1 = em (mod p?)
cannot hold for all m=2.

That the condition p >3 is necessary (for some values of @ and ¢) can be
seen as follows. Since

ents — 2emi2 + em = 0 (mod 9)
for all m =2, the assumption that

(4.20) emi2 = ey (mod 9)

for some fixed m = m, = 2 implies that (4.20) holds for all m = m,,
m=m, (mod 2).
In particular, since E;= —1, E4=35,

a(3)(3) o

and therefore
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Em+2<%> = En (%) (mod 9)

for all m=2 (incidentally including odd wvalues). Also Ci=—1, C;=2,
Cs= —16, we have

Cmy2 = Cp, (mod 9) (m = 2).
5. We now return to (4.2). Since
En(a + p*) = En(a) + mp'En_i1(a) (mod p*+?) t=z1),
it follows that

Z( 1) ( >5m+’(p_l)EM+c(p—l)(a + P‘)

go (—1)° ( Yemtatpen (mod 414,

since

> (—1)'( j_)(m + s(p — D)emt @D E, i, p-1-1(a)

=0

=3 (—1)3( i)(’” + 5(p — 1)Ens(@) = 0 (mod 2)

=0

for t=2 and m = 2. Hence assuming that (4.2) holds we get

(5.1) E (=1 ( )6"‘*“”‘”Em+.<p—1>(a + p%) =0 (mod p**?)

=0

for t=2, m=t+1. Since we have also

pt—1

1 1
> (—=Difa+j)m = 5 Enla+ 29+ — En(a),

=0

(5.1) vields

pi—1

2 (=1ia + Hmer{(a+ j)77iert — 1} = 0 (mod p+).

J=0
1t will be convenient to rewrite this as

pt—1

(5.2) Z (=1)*(a + s)™ {(a + 5)?Pc? — (a + :)c}‘ = 0 (mod p*+Y),

=0

which is asserted for £=2 and m=1. Now in the left member of (5.2) replace
s by j+pk, where 0=<j<p—1, 0=k =<p*'—1. Then (5.2) becomes



1960] EULER NUMBERS AND POLYNOMIALS 33

p—1 pt—1—1

2 (=1 X (=Da+j+ pb)™{(a+j+ pk)Pc? — (a + j + ph)c}*
(5.3) i k=0

= 0 (mod p**Y).
Since
(@a+j+ pk)? = (e + 77 (mod p?),
the inner sum in (5.3)

pt—1—1

=(a+)™ 2 (=D (a+ )7 — (a + j)c — pk}

k=0
=@+ X (~1HA, — By

pt-1—1

(@+j)mpt 2 (—DH4; — p7 1+ B

k=0

1
- (o AP E(A4; + 1) + E4; + 1 — p)} (mod pt+Y),
where
(5.4) 4; = {(a +j)r — (a+ j)c}/p.
Since t=2, it is clear that
E(A;+1— p=Y) = E(4;+ 1) (mod p).
Consequently (5.3) reduces to
p—1
(5.5) 2 (=Di(a + j™E(4; + 1) = 0 (mod p)
j=0

with 4; defined by (5.4). It then follows from (5.5) (compare the proof of
(4.8)) that

(5.6) E(A4;+ 1) =0 (mod p)

for all j#jo, 0Lj<p, where a+jo=0 (mod p).

It is clear from (5.6) that 4, can take on at most ¢ distinct values (mod p).
We shall show that for ¢ ﬁxed and p sufficiently large this is impossible—
provided

(5.7 27 £ 2 (mod p2).
Put
(5.8) N = [(p/2)'7],

where [x] is the greatest integer <x. Then, if (5.7) holds, at least N of the
numbers
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(5.9 (@ +j)?e? — (a +j)e (0=7<2,j#jo

are distinct (mod p?). If we put j=j,+j this is equivalent to the assertion
that at least NV of the numbers

(5.10) 1'2c? = j'¢ (=27 <p—17jo,j #0)

are distinct (mod p?). If at most N—1 of the numbers (5.10) are distinct
(mod p?), then since p —1 = 2N? it follows that, there exist at least 2V distinct
numbers j; (mod p) such that

(5.11) JsPc? — 3/ c = kp (mod p?) (s=1,---,2N)
for some fixed k. Replacing j/ by p=j, we get a congruence of the same form

with possibly a different k. Hence we may assume that (5.11) is satisfied by
N values of j; such that 1 =<5, <p/2. If we put

2» = 2 + wp (mod p?) (p # w),
we get
(2j1)7c® — 25l c = (2k + j! cw)p (mod p?) (s=1,---,N).

These N numbers are distinct (mod $?) so that we have a contradiction.
Hence we have proved the assertion about (5.9). For the proof compare
Vandiver [4].

It therefore follows that (5.6) is impossible when N>¢, or, what is the
same thing, when

(5.12) p =204 1)+ 1.

We have now proved the impossibility of the congruence (4.2) subject to
the condition (5.7) and (5.12). We may accordingly state the following

THEOREM 5. The least positive integer t such that

(5.13) 3 (-1)«( i)em+,<,,_n = 0 (mod (s, 7)),

8=0
for all m and fixed r Z 2 is given by t=r provided 2?#2 (mod p?) and
(5.14) p =2+ 1.
6. The symbolic identity
P
em(ep(r—l) — 1) = E<P>em(ep—l — 1)9-’

r=1 4
where after expansion e® is replaced by e,, evidently implies (for m = 3)
6.1) em(e?™® D — 1) = pem(er~! — 1) (mod p?).
Thus the impossibility of (4.3) for p> 3 implies that
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(6.2) entpp—1) — €m = 0 (mod p?)

for all m =3 is impossible for p > 3.
Much more can be obtained in this way. In the identity

(P
(6.3) ar — 1 = 2( )(x — 1)
FEDE N
replace x by ¢?* 7', 50 that
k NS
e -1 | = Z( )(ep"“‘(p—l) — 1)
=1 A
This yields
(6.4) em(e”" @D — 1) = pem(er* D — 1) (mod pF+?)
for all m=k+2. The case k=1 is that just discussed. For 2=2 we have
em(e?” ™D — 1) = pem(er@ D — 1) (mod p*).
We infer that
em(e?’ ™1 — 1) = 0 (mod p%)
for all m=4 is impossible (p > 3). Generally, by means of (6.4), an easy in-
duction shows that
(6.5) (e -1 — 1) = 0 (mod el

for all m=k+1 is impossible when p> 3.
In the congruence

(6.6) emiu = €n (mod (Pmr Pk))y

it is clear from Theorem 2 that p—l]p. Therefore, applying the result ob-
tained for (6.5), we may state

THEOREM 6 (p>3). The least positive integer u such that (6.6) holds for all
m and fixed k=1 is given by

(6.7) w=pp —1).
Turning next to the congruence
’ r
(6.9) 3 (=0 ( 7 ) emtur = 0 mod (47, 5,

=0

which is assumed to hold for all m and ﬁxed 7, k, it is first of all easy to see
that p—1|p. Indeed, for m =1, (6.8) obviously implies

e™(et’ — 1)r = 0 (mod p7)



36 L. CARLITZ AND JACK LEVINE [July

with minimum p’=p—1; since
(@ = 17| (=~ 1)7 (mod p)
if and only if p— llp,, the assertion above follows at once.

If we next raise both sides of (6.3) to the rth power we get an identity of
the following kind:

(@ =17 = {plx = Dfx = 1) + (= = D)7}
=px—Dfle—=1)+- -+ (x = 1,
where f(x—1) is a polynomial with integral coefficients. Now replacing x by
e?* - — 1, we get
(6.9) en(e* =D — 1)r = prem(¢* T =D — 1)7 (mod prrirY)
for all m=kr+r+1. An induction with respect to k yields the following

THEOREM 7 (p>3). The least positive integer u such that (6.8) holds for all
m and fixed k=1, r =1 is given by (6.7).

Finally we consider the congruence
t

(610) Z (-1)’( i)em+,w =0 (mOd (Pm, Prk))’

=0

where w=p*¥1(p—1), for fixed 7, k. Clearly we have t=r. It will suffice to
show that (6.10) is impossible when ¢t=r—1. For, assuming that (6.10) holds
when t=7—1, we get by repeated application of (6.9)

e'"(e?k‘l(r—‘l) — l)r—l = pr—lem(epk_2(p—1) — l)r—l
= ... = P(k—l)(r—l)em(ep—l —_— l)r—l (mod pk(r—l)+l)
for m = kt—k. Since by Theorem 4
em(er~! — 1)1 # 0 (mod p")
when certain conditions are satisfied, it follows that
em(e” T'@=D — 1)1 £ 0 (mod prr—D+)
for all m =k(r—1)+1. This completes the proof of

THEOREM 8. The least positive integer t for which the congruence (6.10) 1s
satisfied for all m and fixed r 21, k21, is given by t =r, provided 27 #2 (mod p?)
and

p= 24 1.

7. As remarked in the Introduction, if m in (1.4) or (1.5) is restricted to
an arithmetic progression, the theorems of this paper may not hold. We shall
illustrate in a special case. It is clear, to begin with, that if
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Emotp—1 = €my (mOd Pz)’

where m, is a fixed number =2, then it follows by repeated application of the
congruence

emi2p—2 — 26mip—1 + €m = 0 (mod p?) (m = 2)
that
emip—1 = em (mod p?)

for m=m, (mod p—1), m =m.
In particular, since

Eppi= Ey= — 1 (mod p),
we can determine an integer ¢ such that
(7.1) ¢ By = — 1 (mod p?).
Hence, if we put
(7.2) ém = C"Enm,
we have

epr1 = €2 (mod p?)

from which it follows that

(7.3) emip—1 = em (mod p?)
for all
(7.4) m=2 (mod p — 1), m= 2,

This proves

THEOREM 9. The numbers e, defined by (7.1) and (7.2) satisfy (7.3) for all
m in the arithmetic progression (7.4).
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